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a b s t r a c t
Let G be a finite and simple graph with the vertex set V (G), and let f : V (G) → {−1, 1}
be a two-valued function. If
∑
x∈N[v] f (x) ≥ 1 for each v ∈ V (G), where N[v] is the closed
neighborhood of v, then f is a signed dominating function on G. A set {f1, f2, . . . , fd} of
signed dominating functions on Gwith the property that
∑d
i=1 fi(x) ≤ 1 for each x ∈ V (G)
is called a signed dominating family (of functions) onG. Themaximumnumber of functions
in a signed dominating family on G is the signed domatic number of G, denoted by dS(G). If
v is a vertex of a graph G, then dG(v) is the degree of the vertex v.
In this notewe show that dS(G) = 1 if eitherG contains a vertex of degree 3 orG contains
a cycle Cp = u1u2 . . . upu1 of length p ≥ 4 such that p 6≡ 0 (mod 3) and dG(ui) ≤ 3 for
1 ≤ i ≤ p − 1. In particular, dS(G) = 1 for each grid and each cylinder different from the
cycle Cp with the property that p ≡ 0 (mod 3).
© 2009 Elsevier Ltd. All rights reserved.
We consider finite, undirected and simple graphs G with the vertex set V (G). If v is a vertex of the graph G, then
N(v) = NG(v) is the open neighborhood of v, i.e., the set of all vertices adjacent to v. The closed neighborhood N[v] = NG[v]
of a vertex v consists of the vertex set N(v) ∪ {v}. The number dG(v) = d(v) = |N(v)| is the degree of the vertex v ∈ V (G),
and δ(G) is the minimum degree of G. The cycle of order n is denoted by Cn. If A ⊆ V (G) and f is a mapping from V (G) into
some set of numbers, then f (A) =∑x∈A f (x).
A signed dominating function is defined in [1] as a two-valued function f : V (G) → {−1, 1} such that∑x∈N[v] f (x) ≥ 1
for each v ∈ V (G). The sum f (V (G)) is called the weight w(f ) of f . The minimum of weights w(f ), taken over all signed
dominating functions f on G, is called the signed domination number of G, denoted by γS(G). Signed domination has been
studied in [1–6]. Further information on this parameter can be found in the monographs [7] and [8] by Haynes, Hedetniemi
and Slater.
A set {f1, f2, . . . , fd} of signed dominating functions on Gwith the property that∑di=1 fi(x) ≤ 1 for each vertex x ∈ V (G)
is called a signed dominating family on G. Themaximum number of functions in a signed dominating family on G is the signed
domatic number ofG, denoted by dS(G). The signed domatic numberwas introduced by Volkmann and Zelinka [9]. Volkmann
and Zelinka [9] and Volkmann [10] have determined the signed domatic number of complete graphs and complete bipartite
graphs, respectively. In addition, Volkmann and Zelinka [9] presented the following two basic results, which are useful for
our investigations.
Theorem 1 (Volkmann, Zelinka [9] 2005). If G is a graph with minimum degree δ(G), then
1 ≤ dS(G) ≤ δ(G)+ 1.
Theorem 2 (Volkmann, Zelinka [9] 2005). The signed domatic number is an odd integer.
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Next we will prove a further important basic property of the signed domatic number for graphs which contain a vertex
of odd degree at least 3.
Theorem 3. Let G be a graph, and let v be a vertex of odd degree dG(v) = 2t + 1 with an integer t ≥ 1. Then
dS(G) ≤
{
t when t is odd
t + 1 when t is even.
Proof. Suppose on the contrary that d = dS(G) ≥ t + 1 when t is odd and d = dS(G) ≥ t + 2 when t is even. In view of
Theorem 2, we deduce that d = dS(G) ≥ t + 2 when t is odd and d = dS(G) ≥ t + 3 when t is even. Let now {f1, f2, . . . , fd}
be a corresponding signed dominating family of G. By definition,
∑
x∈N[v] fi(x) ≥ 1 for every i ∈ {1, 2, . . . , d}. Since dG(v) is
odd, on the left-hand side of these inequalities, a sum of an even number of odd summands occurs. Therefore it is an even
number, and we obtain
∑
x∈N[v] fi(x) ≥ 2 for every i ∈ {1, 2, . . . , d}. Combining this with
∑d
i=1 fi(x) ≤ 1 for each vertex
x ∈ V (G), we obtain
2t + 2 ≥
∑
x∈N[v]
d∑
i=1
fi(x) =
d∑
i=1
∑
x∈N[v]
fi(x) ≥
d∑
i=1
2 = 2d.
Using the fact that d ≥ t + 2, this yields the contradiction 2t + 2 ≥ 2d ≥ 2t + 4, and the proof of Theorem 3 is
complete. 
Restricting our attention to graphs G of odd minimum degree, Theorem 3 leads to a considerable improvement of the
upper bound of dS(G) given in Theorem 1.
Corollary 4. If G is a graph of odd minimum degree δ = δ(G) ≥ 3, then
dS(G) ≤

δ − 1
2
when δ ≡ 3 (mod 4)
δ + 1
2
when δ ≡ 1 (mod 4).
For G isomorphic to the complete graph Kn of order n, Volkmann and Zelinka [9] have proved that dS(G) = n when n is
odd, dS(G) = pwhen n = 2p and p is odd and dS(G) = p− 1 when n = 2p and p is even. This result shows that the bounds
given in Theorem 3 and Corollary 4 are best possible.
Theorems 1–3 immediately imply the next corollary.
Corollary 5. Let G be a graph. If G has a vertex of degree 1 or of degree 3, then dS(G) = 1.
Thus all cubic graphs, for example the Petersen graph, the Sylvester graph, the dodecahedron or the Tutte graph, have
signed domatic number equal to 1.
A fan and a wheel are graphs obtained from a path and a cycle by adding a new vertex and edges joining it to all the
vertices of the path and the cycle, respectively. Applying Corollary 5, we obtain the next two known results.
Corollary 6 (Volkmann, Zelinka [9] 2005). If G is a fan of order at least 4, then dS(G) = 1.
Corollary 7 (Volkmann, Zelinka [9] 2005). If G is a wheel, then dS(G) = 1.
Theorem 8. Let G be a graph, and let Cp = u1u2 . . . upu1 be a cycle of length p ≥ 4 of G such that p 6≡ 0 (mod 3). If dG(ui) ≤ 3
for 1 ≤ i ≤ p− 1, then dS(G) = 1.
Proof. Because δ(G) ≤ 3, Theorems 1 and 2 imply that dS(G) = 1 or dS(G) = 3. Suppose that dS(G) = 3, and let {f1, f2, f3} be
a corresponding signed dominating family of G. By definition, f1(ui)+ f2(ui)+ f3(ui) ≤ 1 for each i ∈ {1, 2, . . . , p}, and thus
there exists at least one number j ∈ {1, 2, 3} such that fj(ui) = −1. Let, for example, f1(ut) = −1 for any t ∈ {1, 2, . . . , p−1}.
Then
∑
x∈N[ut ] f1(x) ≥ 1 and dG(ut) ≤ 3 imply that f1(ut−1) = f1(ut+1) = 1. Next we show that f2(ut) = f3(ut) = 1. If
we suppose, without loss of generality, that f2(ut) = −1, then it follows as above that f2(ut−1) = f2(ut+1) = 1 and thus
f3(ut−1) = f3(ut+1) = −1. However, this leads to the contradiction∑x∈N[ut ] f3(x) ≤ 0.
Let now, without loss of generality, f1(u1) = −1. As we have seen above, it follows that f1(u2) = f1(up) = 1 and
f2(u1) = f3(u1) = 1. Next assume, without loss of generality, that f2(u2) = −1. Using∑x∈N[u2] f2(x) ≥ 1,∑x∈N[u1] f2(x) ≥ 1,∑
x∈N[u2] f1(x) ≥ 1, as well as dG(u1), dG(u2) ≤ 3, we obtain f2(u3) = f2(up) = f1(u3) = 1. In view of f1(u3) = f2(u3) = 1,
we conclude that f3(u3) = −1 and consequently f3(u2) = f3(u4) = 1. This leads to f2(u4) = 1 and f1(u4) = −1. Inductively,
we see that fj(ui) = −1 for j ≡ i (mod 3) and fj(ui) = 1 otherwise. This can be realized only if p ≡ 0 (mod 3). This is a
contradiction to the hypothesis that p 6≡ 0 (mod 3), and the proof is complete. 
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Fig. 1. The ith number means fi(x) for i = 1, 2, 3.
The proof of Theorem 8 implies the next result immediately.
Corollary 9 (Volkmann, Zelinka [9] 2005). Let Cn be a cycle of length n ≥ 3. If n 6≡ 0 (mod 3), then dS(G) = 1, and if n ≡
0 (mod 3), then dS(Cn) = 3, and there exists a family {f1, f2, f3} of signed dominating functions such that f1(x)+f2(x)+f3(x) = 1
for each x ∈ V (Cn).
Corollary 10. Let G be a connected graph with maximum degree∆(G) ≤ 3. Then dS(G) = 1 or G is a cycle of length 0modulo 3.
Proof. If∆(G) = 3, then G has a vertex of degree 3 and Corollary 5 leads to dS(G) = 1.
If∆(G) ≤ 2 and δ(G) = 1, then it follows from Corollary 5 that dS(G) = 1.
In the remaining case where ∆(G) = δ(G) = 2, the hypothesis that G is connected implies that G is a cycle. Now
Corollary 9 yields the desired result. 
The cartesian product G = G1 × G2 of two vertex disjoint graphs G1 and G2 has V (G) = V (G1)× V (G2), and two vertices
(u1, u2) and (v1, v2) of G are adjacent if and only if either u1 = v1 and u2v2 ∈ E(G2) or u2 = v2 and u1v1 ∈ E(G1). The
cartesian product of two paths is called a grid. The next result is a direct consequence of Corollaries 5 and 9.
Corollary 11. If G is a grid, then dS(G) = 1.
If Cp = u1u2 . . . upu1 is a cycle of order p ≥ 3 and Pt = x1x2 . . . xt is a path of order t ≥ 1, then the cartesian product
G = Cp × Pt is called a cylinder.
Corollary 12. Let G = Cp × Pt be a cylinder. If t ≥ 2, then ds(G) = 1, and if t = 1, then dS(G) = 3 when p ≡ 0 (mod 3) and
dS(G) = 1 otherwise.
Proof. If t = 1, then G is a cycle of length p, and the desired result follows from Corollary 9. If t ≥ 2, then G contains a vertex
of degree 3, and Corollary 5 implies that dS(G) = 1. 
A cactus is a graph Gwith the property that each edge of G is contained in at most one cycle of G.
Theorem 13. Let G be a connected cactus graph such that dG(x) is even for every vertex x ∈ V (G). If all cycles of G
are of length 0 modulo 3, then dS(G) = 3, and there exists a family {f1, f2, f3} of signed dominating functions such that
f1(x)+ f2(x)+ f3(x) = 1 for each x ∈ V (G).
Proof. We proceed by induction on the number of cycles of G. If G has exactly one cycle of length 0 modulo 3, then G is a
cycle, and the desired result follows from Corollary 9.
Assume next that G has at least two cycles. Since dG(x) is even for every vertex x ∈ V (G), there exists a cycle C of length
0 modulo 3 such that C contains exactly one cut vertex u of G. If H = G − (V (C) − u), then H is again a connected cactus
graph such that dH(x) ≥ 2 is even for every x ∈ V (H). By the induction hypothesis, dS(H) = 3, and there exists a family
{f ′1, f ′2, f ′3} of signed dominating functions of H such that f ′1(x)+ f ′2(x)+ f ′3(x) = 1 for every vertex x ∈ V (H).
Now we define the signed dominating family {f1, f2, f3} of G as follows. Let fi(x) = f ′i (x) for x ∈ V (H) and i ∈ {1, 2, 3}.
Assume, without loss of generality, that f1(u) = f ′1(u) = −1, f2(u) = f ′2(u) = 1 and f3(u) = f ′3(u) = 1. If v andw are the two
neighbors of u on C , then we define f1(v) = 1, f2(v) = −1, f3(v) = 1 and f1(w) = 1, f2(w) = 1, f3(w) = −1. If we continue
this process on the cycle C of length 0 modulo 3, we finally arrive at a family {f1, f2, f3} of signed dominating functions of G
such that f1(x)+ f2(x)+ f3(x) = 1 for each x ∈ V (G). In particular, we note that∑
x∈NG[u]
f1(x) =
∑
x∈NH [u]
f ′1(x)+ 2 ≥ 3
and ∑
x∈NG[u]
fi(x) =
∑
x∈NH [u]
f ′i (x) ≥ 1
for i ∈ {2, 3}. Therefore dS(G) = 3, and the proof is complete. 
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Fig. 2. The ith number means fi(x) for i = 1, 2, 3.
Clearly, if G is a connected cactus graph with a vertex of degree 1 or 3 or with a cycle C of length 1 or 2 modulo 3 such
that C contains exactly one cut vertex of G, then Corollary 5 and Theorem 8 imply that dS(G) = 1. Cactus graphs considered
in Theorem 13 are Eulerian graphs and therefore without bridges. However, Figs. 1 and 2 demonstrate that there also exist
cactus graphs G with bridges or with cycles of length 1 modulo 3 such that dS(G) = 3. Therefore it seems to be difficult to
characterize the family of connected cactus graphs Gwith dS(G) = 3.
Problem 14. Characterize all connected cactus graphs Gwith dS(G) = 3.
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